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1 Motiv ation: The symmetry paradigm

Symmetry Paradigm: Over the last certury, physics has learned to replace
basic assumptions about the dynamics of nature with assumptions about the
symmetries of nature. The most familiar examplesof this include consenation
laws that can be recast as symmetries:

Dynamical statement Symmetry Principle

p consenation $  x translation invariance
E consenation $ t translation invariance
L consenation $ translation invariance

Table 1: Consened Quarntities vs. Symmetries of Nature

Consenation laws are a consequencef symmetries.

1.1 Symmetries and Forces

Symmetry is a powerful and predictiv e organizing principle. It explainsand pre-
dicts the basicforces(interactions) of nature very economically Once physicists
learnedto take symmetry seriously as an organizing principle the fundamenrtal
forcesof nature were understood as the consequencesf symmetries. Forcesor
interactions arise from symmetries:

Dynamics Symmetry

Electricity & Magnetism $ U(1) Gaugelnvariance
Weak Interactions $ SU(2) Gaugelnvariance
Strong Interactions $ SU(3) Gaugelnvariance
Gravity (General Relativity) $  General Covariance

Table 2: Symmetriesvs. Forces

A symmetry of nature, or more precisely of a set of equationswhich seekto
describe nature is a set of transformations which leave the equationsinvariant.
Thus, the study of natures symmetries is the study of transformations of a
physical system.

1.2 Unied Symmetries

Grand Unied Theories (GUTS) attempt to unify our understanding of elec-
tricit y and magnetism, the weak interaction, and the strong interaction. It is
possiblethat thesethree forcesare di erent manifestations of a single uni ed

force which in turn originate in a uni ed symmetry

Su(5) SU@B) SUE@) U(@)
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SO(10) SU(G) U(1)
Ee SO(10) U(1) (1.1)

2 An intro duction to Groups
and Group Algebras

Groups and Reversible Transformations

Reversible transformations of a physical systemhave a natural interpretation in
the languageof group theory. Not surprisingly, group theory provides a power-
ful tool for understanding, classifyingand exploiting the symmetry properties of
physical systems. To make this connection, let's formulate the genericproper-
ties of reversible transformations of a physical systemin abstract mathematical
terms. Consider a set of transformations a;b;c;: : ..

If a and brepresen transformation of the system,transforming the system
by b and then by a can be relabeled as some cumulativ e transformation
c. | will write the composition of two such transformations asc = a hb.
The symbol ¢ meanstransform by b, then transform by a. This law of
composition is often referred to asa law of multiplication.

If we restrict our transformations to some particular set of transforma-
tions, how large should this setbe? If we considera set of transformations
fa;b;c;:::g, and if weinclude in this setall transformations which can be
formed by combining two other transformations from the set, we say that
our set of transformations exhibits closure under the law of composition.

Making no transformation at all takesthe systemto itself. Sothere exits
some\identity" transformation, e which does nothing at all. It follows
that e a=a e= a.

Since the transformation is reversible, for every transformation a there
exists an inversea ! which undoesthe previous transformation. Making
a reversibletransformation of a physical systemand then undoing it is the
sameas doing nothing at all.

Finally successie transformation of a physical systemare assaiative, (a
b) c=a (b c). If weconsiderthree successie transformations we are
always free to relabel any two successie transformations as a cumulativ e
transformation since at ead intermediate stage there is a well de ned
state of the system.

As it turns out, the properties we have just constructed are those of a well
studied classof objects in physicsand mathematics called groups. The study of
reversible transformation of a physical systemis group theory. A group G is a
set of elements (a;b;c;:::) on which a law of composition, a b, is de ned with
the following properties:
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Closure. 8a;b2 G, a b2 G. Consider all possibletransformations of
a given type. If you can de ne a new transformation by combining two
other transformations consider it as belongingto the sameset of transfor-
mations.

Identit y. 9 anidentity elemen e2 G, such that a e= e a= a. Doing
nothing is a transformation of the system. Doing nothing and then doing
somethingis the sameas doing something.

Inverse. 8a2 G, 9 aninversea *suththat a! a=a at!=-e
The transformation is reversible. Doing nothing is the same as making a
reversibletransformation and then undoing it.

Asso ciativit y. The composition law is assaiative: 8a;b2 G, (a b) c=
a (b o).

Note that nowhere have we implied that these transformations laws are com-
mutative, a b is not in generalthe sameasb a. Groups with the property
a b= b aareknown asAbelian groups.

Classi ction  of Groups:

There are a lot of ways to classify groups. The taxonomy that will be most
useful for usin this courseis:

Finite groups: Groupswith a nite numkber of elements.

In nite groups.: Groupswith an in nite number of elements.
{ Innite discrete groups
{ Continuous groups.

Compact Lie groups
Non-compact Lie groups

Finite groups

Finite groupsinclude transformations of a physical systemwhich do not depend
on cortinuous parameters. For a nite group, the order of a group is the number
of elemerts in the group. For any nite group, wewill list the group composition
table as:

Groups of Order One

The group of order one cortains only the identity elemen. This is the trivial
group which transforms the systemto itself.
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Table 3: Group Multiplication Table

Groups of Order Two

Label the elemeris of the abstract group of order two as G = fg;;0.9, and
identify the identity elemen with g, : g1 = €;01 G = 02 01 = 02, Becausewe
needan inverse,g, must satisfy g, g = e, which yields the group table:

e o
€ | e &
g | €

Table 4: Group Table for the Abstract Group of Order Two

There are seweral isomorphic realization of nite groups of order two, which
include:

Addition modulo 2 on the integers0 and 1.
Multiplication on the elemens 1, and 1.
The Permutations of two objects.

In particle physics, transformations like time reversalt ! t, and parity
% | % can generategroups of order two.

Groups of Order Three

Label the abstract elemeris of the group as: G = fe;a;bg. The compositions
a band b a must be equal to e, since other possibilities reduceto a = e, or
b= e. This is an example of a cyclic group:

Table 5: Group Table for Order Three Groups

Realizations of this group

The cubed roots of unity under multiplication
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Rotations by 0 , 120, and 240

The study of nite groupsis a big subject, and one that is important in
physics,but wewill cut our discussiono hereand proceedto contin uousgroups.

Contin uous Groups
The Ab elian Group U(1)

The Abelian group U(1) is composedof unitary 1 1 matrices. Unitary implies
UY = U 1, sothat group elemens satisfy

Uvu=uUuy=1

The Hermitian conjugation symbol y meansthe combined operations of complex
conjugation and transpose,which reducesto complex conjugation in this case.*
Thus, elemerts of the Abelian group U(1) can be represeried by complex phase
factors: .

U()=~¢
thesegroup elemeris are cortinuous and in nite in number, but the parameter
spaceof the group is nite 0 < 2 . Notice that multiplication by a complex
phase satis es all of the properties of a group. The group U(1) appears in
guantum medhanics, becausethe value of any obsenablesquartity is invariant
under rede ning the Sdcreodinger wave function by a complex phase. In other
words, quantum medanics is invariant under the global U(1) transformation
(seefor example PHYS-215, PHYS-336).

I €
Promotion of this global symmetry to a local symmetry
1oe ™
givesrise to electricity and magnetism. Students interested in exploring this
connection further should consult me for additional reading material.
Non-Ab elian Contin uous Groups
Warming up with SU(2)

Before discussingthe general properties of continuous groups lets look at the
simplest example of a non-Abelian group which depends on a cortin uous set
of parameters. This group is SU(2), it is ubiquitous in particle physics, and
a quick survey of its properties will illustrate many of the concepts we will
encourter in more generalterms later. This group should be familiar to you

1The Hermitian conjugate of U is denoted UY = (UT) = (U )T. This notation is ubiqui-
tous in physics, but many math texts use a dieren t notion for hermitian conjugation.
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from quantum medanicssinceSU (2) hasthe samealgebraasthe rotation group
SO(3). SU(2) is de ned by the group of special (determinant one), unitary
2 2 matrices. These matrices satisfy all of the properties of a group. The
product of two unitary matrices with determinant oneis again a unitary matrix
with determinant one, matrix multiplication is assaiative, SU(2) matrices are
invertible (so for eadh elemeri there is an inverse)and the two by two identity
matrix is an elemen of SU(2).

Exercise: By parameter courting, verify that elemers of SU(2) are described
by three cortin uous parameters. Hint: How many continuous parameters
does a generl complextwo by two matrix have? How many independent
constraints does the unitary condition provide? How many constraints
does the determinant condition provide?

The de ning represeration of SU(2) is a transformation which acts on an
2-dimensional complex vector: ?

1
ap ®=y3, ® where = , ; (2.2)

where the unitary transformation U is an elementof SU(2). We can represen
this unitary transformation as U = exp(i aJa). 3 For real A the JA are
hermitian matrices. * The matrices J5 are called the geneators of SU(2).
From the identity deteM = e'"™ it follows that the J, are traceless. There
are three linearly independert 2 2 tracelesshermitian matrices. The Pauli
matrices provide a corveniert basisfor the generatorsin the two-dimensional,
represeration:

0o i . 10

0 1 . _
10 ° 27§ o0 57 0 1

1= (2.3)
Becausethey act on two dimensional vectors, we say that the generatorsJa =

A=2 form a two-dimensional representation of the algeba of SU(2). This
algebrais de ned by set of commutation relations:

[Ja;Jel=1 asclc (2.4)

where is a completely antisymmetric tensor with 103 = 1. Exponertiating
these generatorsgivesa two dimensional represernation of the group elements

U()=¢€»~2=coq =2)+i nsin( =2); (2.5)
ZNote use of the Einstpin summation convention. There is an implied summation on
repeated indices: U3 P ,Ug P

3For any operator A we de ne:

X 1
— n
expA = HA
n=0

4A hermitian matrix H satises HY = H.
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where o a (n ), and n is a unit vector in the direction of ~. For

in nitesimal transformations:
i

TS al )Y " (2.:6)

Although we have de ned SU(2) by the action on two-dimensionalcomplex

vectors, we can considerthe action of the group on higher dimension vectors as

well. Considerthe tensor which is a product of two two-dimensionalrepresena-

tions T8 = 2 P_Under SU(2), both of theseindicestransform simultaneously:

T UA,UuPleTa 2.7)

This tensor has four independert componerts, which we can represen it asa
four dimensional vector :

0

Tab: a b or :E’)

11

2
X 2.8)

2

N N PP

The transformations in Egs. 2.6, 2.7 can be used to construct the action of
SU(2) in this new basis:
U (2.9)

We could proceedto construct U at this point, but we will not becausethe
tensor is reducible, it is composedof distinct objects which do not mix under
group transformations. This is easiestto seeif we study the original tensor T 2°
which may be decomposedinto even and odd parts:

Tab = labl 4 Tfabg. where (2.10)
1

T[ab] — 5(Tab Tba) (211)
1

Tfabg = 5(Tab + Tba) (2.12)

Notice that permutations of the indices of T2 commutes with the action of the
transformation of Eq. 2.7, i.e. symmetric (anti-symmetric) tensors transform
into symmetric (anti-symmetric) tensors. Whenewer a represeration can be
decompsedas a sum of distinct parts which do not mix under group transfor-
mations we say that the represeration is reducible. The even tensor T2 has
three distinct elemeris and is known at the triplet while the odd tensor T[]
has a single elemen and is known as a singlet. Symbolically we write this as

2 2=1 3 (2.13)

This decomposition suggestsa more enlightened choice of basis for . If we
rede ne by anon-singular transformation M, sothat is decomposedinto its
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singlet and triplet componerts, the 4-dimensionalSU(2) transformation obtains
a block diagonal form by virtue of the fact that these states do not mix:

0 1
pl_i( 1 2 2 1)
0 M % 11 §
| = =
pl_i( 12,4 2 1)
2 2
1 0
| 0_— 1_ .
Uu ! U= MUM 0 U (2.14)

where Us is and elemert of the three dimensional represernation of SU(2), and
the singlet state is invariant. This is not the most direct way to construct
irreducible represenations of SU(2), but it provides a useful illustrations of
argumerts we will generalizelater.

Exercise: Verify that the antisymmetric tensor T2 is invariant under SU(2).

Invariant Tensors in SU(2)

Finally, we note the existenceof two special tensorswhich are SU(2) contains
two invariants. The two-dimensional, antisymmetric Levi-Civita tensor is:

2
1 (2.15)

The invariance of this tensor follows from the antisymmetry of , and the re-
quirement that elemerns of SU(2) satisfy detU = 1.

acy yayg bd= ac
The Kronicker delta tensor
o= : j (2.16)
is invariant under SU(2) transformations.

Ladder Operators in SU(2)

The standard method for constructing irreducible represenations of SU(2) in-
volvesthe use of raising and lowering operators. Many of You will have seen
this in previously quantum mechanics. SU(2) has a Casimir operator

J2=02+ 35+ 332 (2.17)
which commutes with all of the generatorsof SU(2):

[9%;Ji] = O:
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From the generators,we can construct a pair of raising and lowering operators
(sometimesknown as ladder operators) J

J =3, id, (2.18)

You are encouragedto verify that these new operators satisfy the commutation
relations:
[03;J 1 J (2.19)
B«;d ] = 233 (2.20)

Becausel? and J3 commute, we can simultaneously diagonalizeJ? and J3. Let
j ; mi denotean eigervector of J? and J3 with eigervalues and m respectively.

J?j : mi i omi (2.21)
Jzj;mi = mj; mi (2.22)

If this notation is unfamiliar to you, you canthink ofj ; mi asa column vector.
Consider two new state of the system, i.e. two new column vectors which are
constructed by acting on the eigervectors above with the raising and lowering
operators

jx i=J j; mi
. We will demonstrate that:

These new states (column vectors) are still eigenstates(eigervectors) of
J2 and Js.

These new states have the sameeigervalue under J2.
The eigervalue of J3 changesby one unit.

Because[J?;J ] = 0, the raising and lowering operators, do not change the
eigenvalue of J2.

jx i=J32) j:mi=J3J3j:mi=J j:mi= jxi (2.23)

Having shown that thesenew statesare eigenstatesof J2, and that the eigervalue
of J? remains unchanged, we relabel these new statesto re ect this fact.

px i j,xi=3 j;mi

By cortrast, the raising and lowering operators changethe eigervalue of J3 by
one unit.

Jzd jimi=(QQ Js+ I3 D)j; mi
J Iz J)j;mi=(m 1)j;xi (2.24)

Jgj ;x|

With this result, we identify x = (m 1), and write the raising and lowering
operations as
J j;mi=j;m 1i:
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Tednically the equality above should really be a proportionality. We have not
yet speci ed how we are normalizing the eigenstates.|f we multiply any of these
eigenstatesby a number the eigenvaluesdo not change.

We can act on these new states with raising and lowering operators to in-
cremert or decremen the eigervalue of m again. Continuing this process,the
raising and lowering operators can be usedto generatea seriesof eigervectors:

JooMumnizzicjom 2 m dijmisjsm+disj s me2iiij o Mpad
(2.25)
This seriesmust terminate since
‘J2 ‘]%; ) mﬁ"lax;mrznin (2-26)
For the seriesto terminate we must have
The termination of this seriesrelates to Mpax and My . Using the identit y,
J32=3 03 +3% I3 (2.28)

arelation from and mpax follows from

2] i Mmaxi = J Je +J33+J3 | mi
= mﬁqax + Mmax ] _; mi . . .
= Mmax (Mmax + 1)j ; mi= j; mi (2.29)
Thus = Mpax(Mmax + 1) A similar analysis for the lowering operator on
I3 Mmini yields = Mpin (Mmin~ 1), Since Mpax Mmin , it follows that
Mmax = Mpmin. Relabeling the maximum value of m by j, with a slight shift

in notation, the eigenvalue equations become

BZjpmio= jG+1)jjmi

Jajj;mi = mjj; mi (2.30)
Note that for xed j there ared = 2j + 1 possiblechoicesfor m: m=j; j +
1;:::;)  1;j, where d is the dimension of the represeration. Note that the

valuesofj are either integer, or half integerj = n+ % To connectthis notation

back with the de ning represenation of SU(2)

=
[
=
[
o

1
1.1 : i1 .
5 , (2.31)

The states conjugate to theseare

2" 2 1

1,1 _ _ -
33 o =(10); =(0 1) (232

10
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These states have been ortho-normalized:

D E D E
1= 5i+35+3 = 3 33 3

D E D E
0 = 3 zz%; = Z*3% 3

In generalwe chooseto orthonormalize our states so that
Hymjjmi= mmo (2.33)

The commutation relations above imply that raising and lowering operators
changethe value of m by one unit while leaving j unchanged, but the normal-
ization of a state obtained by raising or lowering may change, so we write

J jjmi
by mjJd

C@Gmijjm 1i (2.34)
C (:mhm 1j (2.35)

from which we obtain

ic j? H;mjd J jj mi
H;mjJ2 J3 Jsjj; mi

j(+1) m?> m (2.36)

Sothat D
J jimi= (@Gm ji+1) mm Djjim 1i (2.37)
where  (j; m) is unimodular phasewhich satises +(j; m) =  (j;m+ 1)
due to the fact that J = J¥ The corvertional choice , = = 1. From the

relations above it is easyto work out the generatorsin any represenation. In
the basiswhere

0 1 0 1 0 1
1 0 0
j1,1i=@oA; jL10i= @1A; j1; 1i= @oA; (2.38)
0 0 1
the raising and lowering operators in the adjoint represeriation are
0 1 0 1
p_ 0 ;1 O p_ 0 0 O
Jo= 2@0 0 L,A; J =2@, 0 OA (2.39)
0 0 O 0o , O

where 1 and » areunimodular phasefactors which are 1 in the standard phase
corvertion. The generatorsfollow from J; = 3(J+ +J ), J2 = 5'(J+ J ),
and the eigervalue equations.

1 0 10 i 0 1 0 10 0
J1= = 1 0 2 ) J2= = 1 0 2 ) J3= 00 0 . (2.40)
2 0 0 2 0 , 0 00 1

11
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Exercise: Verify the constarts C (j; m) below for the raising and lowering
operations on the stateswith j = 1:

JojLl = B_ J jLiu = Egjl;Oi
J+ jL;0i = 2j L1 J j1;0i = 2j1 1
J+jL 1 o= 2j L;0i J j1;, 1 = 0
(2.41)
Note we have chosena convertion where the phasefactors have been
setto one.

Exercise: Usingthe relations above, construct the ladder operators of Eq. 2.39.
Using these raising and lowering operators and the eigervalue equation
for J3 verify that the generatorsfor the tree dimensional represertation
of SU(2) are given by Eq. 2.40.

Exercise: Verify that these matrices satisfy the algebra of SU(2).

Lie Groups and Lie Algebras

Groups in which the group elemers are labeled by a set of contin uous param-
eters, with a multiplication law that depends smoothly on those parameters
are known as Lie groups. These groups are of particular interest to us because
eld theoriescontain a variety of contin uous symmetries. The corntinuousinter-
nal symmetries of quantum eld theory (those not connectedwith space-time
indices) are compact Lie groups. | will not discussthese distinction between
compact and non-compact Lie groups except to say that the parameters of a
compact Lie group vary over a closedinterval. Elemerts of a compact Lie group
can always be represenied by unitary operators. Non-compact Lie groups are
also relevant in particle physics, and an examplesof non-compact Lie groups
include the proper Lorentz and Poincare groups.

For a transformation of the physical system labeled by a cortinuous set of
real parameters whose elemeris (transformations) can be taken arbitrarily
closeto the identity. °

U()=expi ATA=1+i ATA+ 01 (2.42)

wherethe T# are generatorsfor the group G. For unitary U( ), the TA area
set of linearly dependert hermitian operators. ©

The generatorsof a group are especially easyto work with becausehey form
a vector space. We can add generatorstogether to form other generators,and
we can multiply them by numbers. The commutation relations of the generators

Sstrictly speaking Lie group can contain elements which can not be obtained from the
identit y by contin uous changesin the parameters . However, the group members which can
be deformed arbitrarily close to the identity are sucien t to determine the algebra of the
group.

6Group representations can be constructed from non-unitary operators as long as they
satisfy the properties of a group. However, every represertation of a compact Lie group is
equivalent to a represertation by unitary operators.

12
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of a Lie group are called the Lie algebraof the group. De ned mathematically, a
Lie algebrais a vector spaceL overa eld F, together with a bilinear operation
[X;y] = xy yx, which satis es the following properties:

x+vy;z]= [x;z]+ [y;z], for x;y; and z in L
[ax;y] = a[x; y], for x;y; in L, and ain F

;yl= [y:ix]for x;y;in L

X [y;zll+ [y; [z, x]1 + [z;[x; y]] = O, for x; y;z in L.

A eld F isasetonwhich the standard arithmetic propertiesgoverning addition,
subtraction, multiplication, and division hold. We will always take the eld F
to be the eld of real numbersR.
The Lie algebrais:
TATE =if* TS (2.43)

wherethe f *® _ are calledthe structure constarts of the group. 7 For Hermitian
TA, the structure constarts are a set of real numbers. The structure constarts
are completely determined by the group multiplication law, U(x)U(y) = U(x
y) = U(2):

eiXATAeinTB - izcTC (244)

Za can be related to x5 and ya to any order by expanding the group elemens
above. With a little algebrawe nd:

1
Zn = Xa + Ya EfBCAxByC+::: (2.45)

Represen tations

The featuresof represenation discussedpreviously for SU(2) generalizeto gen-
eral Lie Algebras: For an abstract group elemen labeled by N cortinuous pa-

elemens and group generatorsby matrices. The dimension of a represeration
is the dimension of the vector spaceon which the matrices act. For most pur-
poses,we will make use of represenations of group elemens U( ) as opposed
to the abstract transformations . A set of operators U( ) is a represeration
of the group if

For every transformation in G, there is a unitary operator U( ).

The mapping of to U( ) presenesthe law of composition: U( )U( ) =
U( ). This implies that the algebraof the group generatorsis the same
for every represeration of the groups.

"For hermitain generators with a common normalization we do not need to distinguish
between upper and lower indices on the structure constants.

13
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A represertation of the group U is reducibleif it is equivalert to arepresertation
U°with a block diagonal form:

Oue° o ol
U = MUM '=@0 W’ 0A; (2.46)
0 0

where M is a non-singular matrix.

If U( ) forms a represenation of the group, then U forms another repre-
sertation of the group know asthe complex conjugate represenation. 8 Repre-
sertation can be classi ed asreal or complex. A represenation is called real if
it is equivalent to its complex conjugate represertation. Denote the generators
in a particular represenation R by TA(R). If there exists and M sudh that

MTARM 1= TA (R) forall A (2.47)

then R is a real represenation, otherwise R is known as a complex represen-
tation. Real represerations can be further subdivided into real-positive (or
just plain real) and real-negative (or pseudo-real)depending on whether M is
symmetric or anti-symmetric respectively.

Exercise: Show that the two dimensional represenation of SU(2) is pseudo-
real.

Exercise: Show that the adjoint represenation of SU(2) is real.

The Adjoin t Represen tation

In a speci ¢ represenation the generatorsof a group, T, aren n matrices
where n is the dimension of the represenation, and A = 1;2;:::N whereN, as
we shall seebelow, is the dimension of the adjoint represeration. Although we
can always take the TA ashermitian matrices, sometimesit is usefulto work in
a non-hermitian basis. These generatorssatisfy the Jacobi identit y.

XA IX B X O+ [XCG XA XB + [XB;[XC;XAI=0 (2.48)

Written in terms of the structure constarts this becomes

fAB fCD

0

+fBCDfAD . +fCADfBDE
fee fro +fre foo, (2.49)

D
fAB fCD
D

E

E E

We can de ne a set of matrices from the structure constarts

(FAYE = if* _: (2.50)

8Given a set of generators T2 for a D dimensional represertation of a Lie algebra, notice
that ( T @) satises the same commutation relation as T2. Hencethe ( T 2) also generate
a represertation of the algebra, the conjugate representation D.

14
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These matrices themselesform a represenation of the group, the adjoint rep-
resenation:
FAFB =if = _FC: (2.51)

this is true for any basis,the generatorsF neednot be hermitian. °

The dimension of the adjoint represenation is just the number of real pa-
rameters neededto describe a group elemen. The structure constarts depend
on the basis we choosefor our generatorsTA. The adjoint represenation pro-
vides a fairly corveniert represeration to look for a basiswhich simpli es the
form of the structure constarts. Tr(XAYX B) is a real symmetric matrix, sowe
can rede ne our adjoint generatorsto diagonalizethis matrix

TrXAYXB = ky #B: (2.52)

We can further re-scalethe generators,and re-scaleky , but notice that we can
not changethe sign of ka. For compact semi-simpleLie algebraswe can take
all of the ka's as positive, and henceforth we will implicity normalize these
generatorsso that

TrXAYXB = kp "8 (2.53)

where kp is a represenation dependent constart. Each of these orthogonal
generatorscan be assaiated with a state of the adjoint represenation.

XA $ XA jAi where MjBi=tr(XA'XB)=kp = as (2.54)

For the adjoint represeration, in any orthonormal basis where (X#)B. =
if ## _, the action of the group generatorson a state in the adjoint repre-
sertation is
XA XEBj if “_ jXCi for any orthonormal X
if % . jXCi=j[X";XB]i for hermitian X  (2.55)

To seethis note that if we de ne gnatrices (X*)® . = 1B j X* j Ci, and insert
an orthonormal setof states1= , j DihD j:

X
XA jXBi = i XPihx P jxAjxBij

XPi(X™)Pg = if 4P jXPi

D
j[XA;XB]i  for hermitian X (2.56)

The last line follows from the fact that the structure constarts are totally anti-
symmetric in this basisif the generatorsare hermitian:

it = TIIXAXEIX T = TrX 8 X XA = TrX ©% X AX R2.57)

[

9This is not the same basis that we constructed previously for the adjoint represertation
of SU(2), becauseour eigenvectors are not identical to Eq. 2.38.
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Casimir and Index

Next weintro ducetwo invariants, the index of arepreseration, and the quadratic
Casimir. For every represenation R:
TAR);TB(R) =if *® . TC(R); (2.58)

where TA(R) is a represeration of a group generator. In often used notation,
the adjoint represenation is denotedby G and the fundamertal represeration
is denoted F. The quadratic Casimir of a represernation R is C,(R):

TAR)TA(R) = Co(R)I (R); (2.59)

where there is an implied sumon A, and | (R) is the d(R) d(R) dimensional
identit y matrix, whered(R) is the dimensionof represenation R. For the adjoint
represeration,

fre  f2¢, = Co(G) *® (2.60)
A secondinvariant is called the index of a represeration C(R)
tr TAY(R)TB(R) = C(R) B (2.61)
Equating the trace of Eq. 2.59 and the sum of Eq. 2.61,it follows that
d(R)C2(R) = d(G)C(R); (2.62)
Note that C,(G) = C(G). For any represenation R
fre = TFL)Trn T, T8 rer’ (2.63)

Exercise: Using the invariants above, verify that for any unitary rede nition
of the generatorsX #(R) = U(R)*5 TB, the new basisfor the generators
hasthe sameinvariants

XA (R)XA(R)
tr X ~Y(R)X B (R)

C2(R)I(R)
C(R) "B (2.64)

Exercise: Considera non-singular, but non-unitary rede nition of the genera-
tors which doesnot presenethe normalization of the generators: X A (R)°=
M (R)*; TB, De ne a cortravariant generatorswith a compensating nor-
malization, X4 = XAY=k,, where TrX*X*Y = ks C(R) (no sum on A).
Shaw that X2(R) = X, (M 1)®,. Writing the algebraas:

[XA,XB] ifABCXc
[Xa:Xg] if e “Xc (2.65)

show that the Casimir is given by:

C(G)C2(R)I(R) fae SF58 XA (R)XE(R)

fO °f%e _X®RIX(R) (2.66)

where the metric tensor G, = f,z “f &8
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A few usefull results:
< N2 1 SU(N)
diG)=_ N(N 1)=2 SO(N) (2.67)
N(N + 1)=2 Sp(N)

A few usefull results for SU(N ):

cny =g

2
Ca(N) = NZN !
C(G) = C(G) =N

(2:68)

The Orthogonal group O(n)

The n-dimensional orthogonal group O(n) is de ned as the set of transforma-
tions on a real vector 1;::: , which presenesthe product . Thesetrans-
formations can be thought of as rotations and re ections of a rigid coordinate
systemin n spatial dimensions. For transformations of  of the form:

I 9=R (2.69)
the inner product is presened by any real orthogonal matrix R:
RTR=1: (2.70)

With n(n + 1)=2 conditions on n? parameters, there are N = n(n  1)=2 free
parameters. Thus, O(n) transformations are labeledby N = n(n  1)=2 contin-
uous parameterswhich we may take asa generalizedset of Euler angles 1;::: v,
and by possiblediscretere ections. Becauseorthogonal matrices have the prop-
erty that detR = 1i.e. there are two distinct classesof orthogonal matrices:
pure rotation (detR = 1), and rotation and re ection (detR = 1). O(n) is
an example of a group which, in addition to cortinuous parameters, requires a
discrete label, indicating the existenceof a re ection, to characterize all of its
elemerts elemens. Sud groups are said to be mixed corntinuous groups. The
sub-group consisting of pure rotations, detR = 1, is known as SO(n).

SO(3): The Prop er Rotation Group

SO(3) is the subgroup of O(3) consisting of proper rotations. '° ' The desig-
nation SO refersto special (a.k.a. determinant one) and orthogonal. Elements
of SO(3) can be written as: .

R=¢ ndn (2.71)

10proper rotations are those which are pure rotations. They do not contain spatial re ec-
tions.

11This group SO(3)is sometimes called O3 in some texts, and should not to be confused
with O(3)

17



Independent Study: Group Theory PHYS-303 Summer 2006

wheren = 1;2; 3. BecauseR is real and unitary, the generatorsJ are3 3imag-
inary, hermitian and thus anti-symmetric matrices. There are three linearly-
independert imaginary, 3 3 Hermitian matricies. A standard basis for the
three generatorsof SO(3) is:

0 1 0 1 0 1

0 00 00 1 0 10

J = i@ o0 1A 3, = i@ 0 0A J, = i@1 0 0A
0 10 100 0 00

(2.72)

The algebra of these generatorsis identical to the algebra of SU(2):
FBi; 3] =1 j«dk: (2.73)

It follows that these matricies provide an equally valid represenation of the
generatorsfor the three dimensional represertation of SU(2).

Spinor Represen tation

Since the Algebra of SO(3) is isomorphic to SU(2), we can construct a two
dimensionalrepresenation of SO(3): This represeration is known asthe spinor
represeration. As in SU(2), the spinor represenation of the group acts on a
complextwo dimensional vector, and the generatorscan be chosenasthe Pauli
matrices mod two. Although SU(2) and SO(3) share the same algebra, the
groups are not identical. The de ning two-dimensionalrepresenation of SU(2)
is a faithful represenation, while the two-dimensional spinor represernation of
SO(3) is double-valued. Considerthe SO(3) tranformation:

0 _ 1
- co; sin 0

U@©;0;, =€ 7 =@ sin cos OA: (2.74)
0 0 1

For this transformation we identify U(0;0;0) = U(0;0;2 ) = |, while for spinor
represeration,

Uip( ) = € 72 = cog =2)I +i 3sin( =2); (2.75)

which implies U(0;0;0) = | and U(0;0;2 ) = |. Thus there is a two to
one correspondence between Ui—,( 1; 2; 3) and the abstract transformation
1; 2; 3. For the specic caseabove:

9
_ 10 2 0 1
1= 45, EZ 1
11=@ 1 A (2.76)
1 = 1 0 3 1
- o 1

This double-valuednessis, howewer, allowable in quantum theories sincethe

phaseof a state hasno physical meaning. For an abstract group transformation

and astatej i, U()j i, and U()j i, represen the samestate, for some
complex phase
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Tensor metho ds in SU(n)

The de ning represenation for SU(n) is the group of all unitary n  n complex
matrices with determinant one: UYU = UUY = |, and detU = 1. This latter
requiremert, detU = € “TrT* = 1, implies TrTA = 0. Since TA is both
hermitian and tracelesswe know that the dimensionof the adjoint represenation
is N> 1. Hencethe action of a group elemert is specied by n? 1 real
parameters A

U()=expi ATA: (2.77)

The fundamental (de ning) represeration of the group actson an n-dimensional
complex vector

e (2.78)
The represeration conjugateto n transforms as: I . The transformation
for the conjugate represenation n is then:

Pt (2.79)

Higher rank tensorstransform analogously
Qiiziip _ yyi P2 .eqyi I l2 .y jaj1i

Tk11k|zz:::ll<z - Ulli 1 Ulziz '"Ulpip uY 1k1 uY 2k2 SHU c'kq-rljllllzl:::qup (2.80)
With this notation, it is manifestthat we can form group singletsby contracting
complete setsof upper and lower indices. SU(n) has two invariants tensors: |
and a the Levi-Civita symbol i,.,.i, . The invariance of is a consequence
of the unitarit y of U, and the invariance of follows from detU = 1 The Levi-
Civita tensor is a totally anti-symmetric tensor which satis es:

g +1 if (i1;i2;:in) IS an even permutation of (1;:::;n)
hlain = 00 = 01 if (ingig;iiin) is an odd permutation
0 otherwise
(2.81)
Sincethe Levi-Civita is and invariant, we can useit to raise and lower tensor
indices.
-|-i1i2;:::;in 1 = daig;uiin i (2.82)
By taking successie direct products of the fundamertal represenation n,
we can construct any other represeration of SU(n). A general product of two
fundamental represenations is not in generalirreducible. The fact that any
permutation symmetry of the tensor indices in Eq. 2.80 is presened by the
action of SU(n) suggestsa prescription for nding irreducible represenations
of SU(n) using tensor methods is:

Construct tensorswith a given number of upper and lower indices

Divide them into as many invariant parts as possibleby classifying com-
ponerts according to symmetry properties of the upper and lower in-
dices. Since permutations of upper (lower) indices commute with the
group transformation, tensors separatedby their permutation symmetry
will not mix under group transformations.
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Eliminate the pieceswhich can be showvn to be equivalent to tensors of
a lower rank. This can be done by contracting pairs of upper and lower
indices, or by contracting indices with the epsilontensor.

Identify the remaining parts with irreducible represenations

This procedure can be used to fully reduce a product represertation of
SU(n). For example consider the tensors which lies in the direct product of
the fundamertal represenation of SU(n), TV = x'yl. There are n? indepen-
dent elemens which can be written as:

Ti = 7Ol Tfie; where
Tl = % x'yy Xy ; and
Tie = %fxiyj +xy'g; or

_n(n 1) n(n+1)
n n = 5 > (2.83)

The symbols and denotedirect products and direct sumsrespectively. Note
that in the caseof SU(3), we can identify 3(32—1) = 3, with the epsilon tensor

3=, TIK (2.84)

Next consider tensors which lie in the direct product of the fundamenal
represeration and its conjugate, Tji = xly;. Becausethe upper and lower
indices transform di erently under the gaugegroup we can no longer use sym-
metrization asatool. However, we still have the ability to cortract upper and
lower indices. For this product there are n? independert elemens which can be
written asthe sum of a singlet and the adjoint:

n n = n? 11 1
T = A+ >S] where
n
. R R -
A= Xy, kayk i; the adjoint (2.85)

The Group SU(3)

SU(3) has eight generators. For the de ning represenation 3, the physicists
standard basis for the generatorsof SU(3) are the Gell-Mann matrices TA =
A=2:
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0 1 0 o1 0 1
010 0 i 0 1 0 0
1 = @1 00A 2 = @ 0 0OA B3 = @ 1 0A
00 0 0q 00 0 04 0 0 O
001 00 i
4 = @ 00A 5 = @ 0 0A
ol 00y ol 0 0y 0 1
000 00 O 10 0
¢ = @ 01A 7 = @ 0 A 8 = £@ 1 0A
010 0i o0 00 2
(2.86)
In this basis, the generatorssatisfy:
tr(TAT®) = %AB
TATE = ife TC (2.87)

where f ¢ is a totally antisymmetric tensorgwith fi23 = 1, f147 = fos6 =
fos7 = faas = fs16 = fear = 122, fusg = fer9 = 3=2,
SU(2) subgroups of SU(3)

Sub-algebra Supposel is a Lie algebra, M is a sub-algebraof L if [x;y]2 M
8x;y 2 M or zerounder commutation relations.

We can construct three conveniert SU(2) subgroupsof SU(3) which satisfy
the angular momertum commutation relations:

0 0 0
i =i 5 (2.88)
In terms of the Gell-Man matrices, these subgroupsare:
I-spin:  flq;lo;13g = fT1;To; Tag ~
V-spin:  fVi;Vo;Vag = T4 Ts3Ta+ %Isg (2.89)

U-spin:  fU;p; Uy; Usg

fTe; T7; 52T+ 52Tsg

We can de ne raising and lowering operators for eac of the SU(2) sub-
groups: J = J; iJp, whereJ = fl;V;Ug. These subgroups, useful in
discussingboth the quark model and chiral symmetry, have the following prop-
erties:

I-spin:  SU(2), operators commute with Y = 92—§T8

U-spin:  SU(2)y operatorscommute with Q = T3+ s T®. When later consider

approximate SU(2) and SU(3) avor symmetriesit will be helpfull to note
that: as consequenceof this, particles in the sameU-spin represenation
have the sameelectromagneticproperties.

V-spin:  SU(2)v operators commute with Q = T%  pL.T8.
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2.0.1 The SU(3) Octet

11
( 12 2 1)
(0;0)2 (0; 0)1
( 21 € 2

(51

In this example there
is a natural  basis
for degenerate

igh t C AN W
Yool s e E | jwiwoi

N ajwr  Ag;we Ay
N w = + Wi+N2 1=2

WE
The standard recursion relation above is incomplete.
E j00i2=#5]1 2. Degenerateweights are not orthogonal. 1h00j 00, = 3

2 1=2

N pw); = Wit N2 cw OW); j (w)id

No unique basis for degenerateweights.
2.0.2 The 27 of SU(3)
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(22)
(30) (03)
(4-2) (111 (1D,  (-24)
(2-1) (2-1) -12), -12);,

-3 (00)x (00)y (00), (-33)

(1-2) (1-2) -2 1), -21)4
(2-4) (-1-1) (-1-1) (-42)
(0-3) (-30)

(-2-2)

Table 6: The 27 dimensional represeriation of SU(3).
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